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Topological Orbit Dimension of MF C*-algebras
Qihui Li, Don Hadwin, Weihua Li, and Junhao Shen
Abstract. This paper is a continuation of our work on D. Voiculescu’s topo-
logical free entropy dimension δtop (x1, . . . , xn) for ~x = (x1, . . . , xn) of elements
in a unital C*-algebra. In this paper we first prove that δtop (x1, · · · , xn) =
1 − 1
dimA
in which C*(~x) is MF-nuclear and inner QD. Then we give a rela-
tion between the topological orbit dimension K
(2)
top and the modified free orbit
dimension K
(2)
2 by using MF-traces. We also introduce a new invariant K
(3)
top
which is a modification of the topological orbit dimension K
(2)
top when K
(2)
top is
defined. As the applications of K
(3)
top, We prove that K
(3)
top (A) = 0 if A has
property c*-Γ and has no finite-dimensional representations. We also give the
definition of property MF-c*-Γ. We then conclude that, for the unital MF C*-
algebra A = C∗ (x1, x2, . . . , xn) with no finite-dimensional representations, if
A has property MF-c*-Γ, then K
(3)
top (A) = 0.
1. Introduction
This paper is a continuation of the work in [11], [15], [18] on D. Voiculescu’s
topological free entropy dimension δtop (x1, . . . , xn) for an n-tuple ~x = (x1, . . . , xn)
of elements in a unital C*-algebra. Here we first give a relation between the topo-
logical orbit dimension K
(2)
top and the modified free orbit dimension K
(2)
2 by using
MF-traces. This result allows us to give a new proof of our main result in [18],
which gave an estimation of the upper bound of topological free entropy dimension
for MF-nuclear algebras. In [18], we have shown that δtop (x1, · · · , xn) = 1−
1
dimA
if C*(x1, · · · , xn) is MF-nuclear and residually finite-dimensional (RFD). In [2],
Blackadar and Kirchberg proved that all RFD C*-algebras are inner quasidiagonal
(inner QD). So it is natural to ask whether the topological free entropy dimension
of an MF-nuclear and inner QD algebra is unrelated to its generating family. In this
paper we prove that δtop (x1, · · · , xn) = 1−
1
dimA if C*(x1, · · · , xn) is MF-nuclear
and inner QD.
In this article, we also introduce a new invariant K
(3)
top which is a modification
of the topological orbit dimension K
(2)
top when K
(2)
top is defined. The idea for defining
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K
(3)
top arise from the concept K3 in [12]. We then extend the domain of K
(3)
top to all
MF algebras and prove that K
(3)
top is a C*-algebra invariant. We also modify the
notion K3 in [12] by using the modified free orbit dimension K
(2)
2 and denote it by
K
(3)
3 . We give a relation between K
(3)
top and K
(3)
3 for every MF algebra by using the
relation between the topological orbit dimension K
(2)
top and the modified free orbit
dimension K
(2)
2 . Several properties of K
(3)
top are given as follows:
(1) K
(3)
top (N1) = K
(3)
top (N2) if C
∗ (N1) = C∗ (N2) .
(2) If A is finite generated, then K
(3)
top (A) = 0 if K
(2)
top (A) = 0.
(3) If N1 ∩ N2 has no finite-dimensional representation , then
K
(3)
top (C
∗ (N1 ∪ N2)) ≤ K
(3)
top (N1) + K
(3)
top (N2) .
(4) If N is an MF C*-algebra and A ⊆ N is a C*-subalgebra with no finite-
dimensional representation. If there is an unitary u ∈ N such that uAu∗ ⊆
A. Then
K
(3)
top (C
∗ (A∪{u})) ≤ K
(3)
top (A) .
As an application, we prove that K
(3)
top (A) = 0 if A has property c*-Γ and has no
finite-dimensional representations. We also give the definition of property MF-c*-Γ.
We then conclude that, for the unital MF C*-algebra A = C∗ (x1, x2, . . . , xn) with
no finite-dimensional representations, if A has property MF-c*-Γ, then K
(3)
top (A) =
0.
The organization of the paper is as follows. In section 2, we recall the defi-
nition of topological free entropy dimension δtop (x1, · · · , xn) and topological or-
bit dimension K
(2)
top (x1, · · · , xn) of n-tuple (x1, · · · , xn) of elements in a unital
C*-algebra. In section 3, we first give a relation between K
(2)
top (x1, · · · , xn) and
supτ∈TMF (A) K
(2)
2 (x1, · · · , xn, τ) where TMF (A) is the set of all MF-traces on C*-
algebra A = C∗ (x1, · · · , xn) . Then we give a new proof of our main result in
[18]. In section 4, we discuss the topological free entropy dimension of MF-
nuclear and inner QD C*-algebra, we show that δtop (x1, · · · , xn) = 1 −
1
dimA as
A = C∗ (x1, · · · , xn) MF-nuclear and inner QD. We introduce topological orbit di-
mension K
(3)
top for general MF-algebras in section 5. Several properties of K
(3)
top are
discussed there. Section 6 is focus on the applications of K
(3)
top in central sequence
algebras. We prove that K
(3)
top (A) = 0 if A has property c*-Γ and has no finite-
dimensional representations. We also give the definition of property MF-c*-Γ. We
then conclude that, for the unital MF C*-algebra A = C∗ (x1, x2, . . . , xn) with no
finite-dimensional representations, if A has property MF-c*-Γ, then K
(3)
top (A) = 0.
2. Definitions and Preliminaries
In this section, we are going to recall Voiculescu’s definition of the topological
free entropy dimension and topological orbit dimension of n-tuples of elements in
a unital C*-algebra.
2.1. A Covering of a set in a metric space. Suppose (X, d) is a metric
space and K is a subset of X. A family of balls in X is called a covering of K if the
union of these balls covers K and the centers of these balls lie in K.
TOPOLOGICAL ORBIT DIMENSION IN C*-ALGEBRAS 3
2.2. Covering numbers in complex matrix algebra (Mk(C))n. LetMk(C)
be the k × k full matrix algebra with entries in C, and τk be the normalized trace
onMk(C), i.e., τk =
1
kTr, where Tr is the usual trace onMk(C). Let U(k) denote
the group of all unitary matrices in Mk(C). Let (Mk(C))
n
denote the direct sum
of n copies of Mk(C). Let Ms.ak (C) be the subalgebra of Mk(C) consisting of all
self-adjoint matrices of Mk(C). Let (Ms.ak (C))
n be the direct sum ( or orthogonal
sum) of n copies of Ms.ak (C). Let ‖·‖ be an operator norm on Mk (C)
n
defined by
‖(A1, . . . , An)‖ = max {‖A1‖ , . . . , ‖An‖}
for all (A1, . . . , An) in Mk (C)
n . Let ‖·‖2 denote the trace norm induced by τk on
Mk (C)
n ,i.e.,
‖(A1, . . . , An)‖2 =
√
τk(A∗1A1) + . . .+ τk(A
∗
nAn)
for all (A1, . . . , An) in Mk (C)
n .
For every ω > 0, we define the ω-‖·‖-ball Ball(B1, . . . , Bn;ω, ‖·‖) centered at
(B1, . . . , Bn) inMk (C)
n
to the subset ofMk (C)
n
consisting of all (A1, . . . , An) in
Mk (C)
n such that
‖(A1, . . . , An)− (B1, . . . , Bn)‖ < ω.
Definition 1. Suppose that Σ is a subset of Mk (C)
n
. We define ν∞(Σ, ω)
to be the minimal number of ω-‖·‖-balls that consist a covering of Σ in Mk (C)
n
.
For every ω > 0, we define the ω-‖·‖2-ball Ball (B1, . . . , Bn;ω, ‖·‖2) centered at
(B1, . . . , Bn) inMk (C)
n
to be the subset ofMk (C)
n
consisting of all (A1, . . . , An)
in Mk (C)
n
such that
‖(A1, . . . , An)− (B1, . . . , Bn)‖2 < ω.
Definition 2. Suppose that Σ is a subset of Mk (C)
n
. We define ν2(Σ, ω) to
be the minimal number of ω-‖·‖2-balls that consist a covering of Σ in Mk (C)
n .
2.3. Unitary orbits of balls in Mk(C)n. For every ω > 0, we define the
ω-orbit-‖·‖-ball U(B1, . . . , Bn;ω) centered at (B1, . . . , Bn) in Mk(C)n to be the
subset of Mk(C)n consisting of all (A1, . . . , An) in Mk(C)n such that there exists
some unitary matrix W in U(k) satisfying
‖(A1, . . . , An)− (WB1W
∗, . . . ,WBnW
∗‖ < ω.
Definition 3. Suppose that Σ is a subset of Mk(C)n. We define o∞(Σ, ω) to
be the minimal number of ω-orbit-‖·‖-balls that consist a covering of Σ in Mk(C)n.
For every ω > 0, we define the ω-orbit-‖·‖2-ball U(B1, . . . Bn;ω, ‖·‖2) cen-
tered at (B1, . . . , Bn) in Mk(C)n to be the subset of Mk(C)n consisting of all
(A1, . . . , An) in Mk(C)
n such that there exists some unitary matrix W in U(k)
satisfying
‖(A1, . . . , An)− (WB1W
∗, . . . ,WBnW
∗‖2 < ω.
Definition 4. Suppose that Σ is a subset of Mk(C)n. We define o2(Σ, ω) to be
the minimal number of ω-orbit-‖·‖2−balls that consist a covering of Σ in Mk(C)
n.
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2.4. Noncommutative Polynomials. In this article, we always assume that
A is a unital C*-algebra. Let x1, · · · , xn, y1, · · · , ym be self-adjoint elements in A.
Let C〈X1, · · · , Xn, Y1, · · · , Ym〉 be the set of all noncommutative polynomials in
the indeterminates X1, · · · , Xn, Y1, · · · , Ym. Let CQ = Q+iQ denote the complex-
rational numbers, i.e., the number whose real and imaginary parts are rational.
The set CQ〈X1, · · · , Xn, Y1, · · · , Ym〉 of noncommutative polynomials with complex-
rational coefficients is countable. Throughout this paper we write
CQ〈X1, · · · , Xn, Y1, · · · , Ym〉 = {Pr : r ∈ N} and CQ〈X1, · · · , Xn〉 = {Qr : r ∈ N}
and
CQ〈X1, X2 · · · 〉 = ∪
∞
m=1CQ〈X1, · · · , Xm〉.
Remark 1. We always assume that 1 ∈ C〈X1, · · · , Xn, Y1, · · · , Ym〉.
2.5. Voiculescu’s Norm-microstates Space. For all integers r, k ≥ 1, real
numbers R, ε > 0 and noncommutative polynomials P1, . . . , Pr, we define
Γ
(top)
R (x1, . . . , xn, y1, . . . , ym; k, ε, P1, . . . , Pr
to be the subset of (Ms.ak (C))
n+m
consisting of all these
(A1, . . . , An, B1, . . . , Bm) ∈ (M
s.a
k (C))
n+m
satisfying
max {‖A1‖ , . . . , ‖An‖ , ‖B1‖ , . . . ‖Bm‖} ≤ R
and
|‖Pj(A1, . . . , An, B1, . . . , Bm)‖ − ‖Pj(x1, . . . , xn, y1, . . . , ym‖| ≤ ε, ∀1 ≤ j ≤ r.
Remark 2. In the original definition of norm-microstates space in [24], the
parameter R was not introduced. Note the following observation: Let
R > max {‖x1‖ , ‖x2‖ , . . . , ‖xn‖ , ‖y1‖ , . . . , ‖ym‖} .
When r is large enough and ε is small enough,
Γ
(top)
R (x1, . . . , xn, y1, . . . , ym; k, ε, P1, . . . , Pr) = Γ
(top)
∞ (x1, . . . , xn, y1, . . . , ym; k, ε, P1, . . . , Pr)
for all k ≥ 1. Our definition agrees with the one in [24] for large R, r and small ε.
Define the norm-microstates space of x1, . . . , xn in the presence of y1, . . . , ym,
denoted by
Γ
(top)
R (x1, . . . , xn : y1, . . . , ym; k, ε, P1, . . . , Pr)
as the projection of Γ
(top)
R (x1, . . . , xn, y1, . . . , ym; k, ε, P1, . . . , Pr) onto the space
(M s.ak (C))
n via the mapping
(A1, . . . , An, B1, . . . , Bm)→ (A1, . . . , An).
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2.6. Voiculescu’s topological free entropy dimension. Define
ν∞(Γ
(top)
R (x1, . . . , xn : y1, . . . , ym; k, ε, P1, . . . , Pr), ω)
to be the covering number of the set Γ
(top)
R (x1, . . . , xn : y1, . . . , ym; k, ε, P1, . . . , Pr)
by ω-‖·‖-balls in the metric space (M s.ak (C))
n
equipped with operator norm.
Definition 5. Define
δtop(x1, . . . , xn;ω)
= sup
R>0
inf
ε>0,r∈N
lim sup
k→∞
log(ν∞(Γ
(top)
R (x1, . . . , xn; k, ε,Q1, . . . , Qr), ω))
−k2 logω
.
The topological free entropy dimension of x1, . . . , xn is defined by
δtop(x1, . . . , xn) = lim sup
ω→0+
δtop(x1, . . . , xn;ω).
Similarly, define
δtop(x1, . . . , xn : y1, . . . , ym;ω)
= sup
R>0
inf
ε>0,r∈N
lim sup
k→∞
log(ν∞(Γ
(top)
R (x1, . . . , xn : y1, . . . , ym; k, ε, P1, . . . , Pr), ω))
−k2 logω
.
The topological free entropy dimension of x1, · · · , xn in the presence of y1, · · · , ym
is defined by
δtop(x1, . . . , xn : y1, · · · , ym) = lim sup
ω→0+
δtop(x1, . . . , xn : y1, · · · , ym;ω).
Remark 3. Let R > max {‖x1‖ , . . . , ‖xn‖ , ‖y1‖ , . . . , ‖ym‖} be some positive
number. By Remark 2, we know the supremum over R > 0 is unnecessary, i.e.,
δtop(x1, . . . , xn : y1, . . . , ym)
= lim sup
ω→0+
inf
ε>0,r∈N
lim sup
k→∞
log(ν∞(Γ
(top)
R (x1, . . . , xn : y1, . . . , ym; k, ε, P1, . . . , Pr), ω))
−k2 logω
2.7. δ
1/2
top. In this subsection we recall the definition of δ
1/2
top and its properties.
Definition 6. ([24]) The norm-semi-microstates Γtop1/2 (x1, . . . , xn; k, ε,Q1, . . . , Qr)
is the set of all (a1, . . . , an) ∈Mnk (C) such that
‖Qj (a1, . . . , an)‖ ≤ ‖Qj (x1, . . . , xn)‖+ ε
for 1 ≤ j ≤ r.
We define δ
1/2
top (x1, . . . , xn) to be
lim sup
ω→0+
inf
r∈N,ε>0
lim sup
k→∞
log
(
ν∞
(
Γtop1/2 ((x1, . . . , xn; k, ε,Q1, . . . , Qr)) , ω
))
−k2 logω
Theorem 1. ([18]) δ
1/2
top (x1, . . . , xn) = δtop (x1, . . . , xn) whenever δtop (x1, . . . , xn)
is defined.
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2.8. Topological orbit dimension K
(2)
top and Modified free entropy di-
mension K
(2)
2 . In this subsection, we are going to recall a C*-algebra invariant
”topological orbit dimension K
(2)
top” and its basic properties.
Definition 7. ([11]) Define
K
(2)
top(x1, · · · , xn;ω) = sup
R>0
inf
ε>0,r∈N
lim sup
k→∞
log(o2(Γ
(top)
R (x1, · · · , xn; k, ε,Q1, · · · , Qr), ω)
k2
and
K
(2)
top(x1, · · · , xn) = sup
ω>0
K
(2)
top(x1, · · · , xn;ω) = lim
ω→0+
K
(2)
top(x1, · · · , xn;ω).
Similarly, define
K
(2)
top(x1, · · · , xn : y1, · · · , ym;ω) =
sup
R>0
inf
ε>0,r∈N
lim sup
k→∞
log(o2(Γ
(top)
R (x1, · · · , xn : y1, · · · , ym; k, ε, P1, · · · , Pr), ω)
k2
and
K
(2)
top(x1, · · · , xn : y1, · · · , ym) = sup
ω>0
K
(2)
top(x1, · · · , xn;ω) = lim
ω→0+
K
(2)
top(x1, · · · , xn : y1, · · · , ym;ω)
The topological orbit dimension K
(2)
top is in fact a C*-algebra invariant. In view
of this result, we use K
(2)
top (A) to denote K
(2)
top (x1, · · · , xn) for an arbitrary generating
set {x1, · · · , xn} for A.
Theorem 2. ([11]) Suppose that A is a unital C*-algebra and {x1, · · · , xn} , {y1, · · · , yp}
are two families of self-adjoint generators of A. Then
K
(2)
top(x1, · · · , xn) = K
(2)
top(y1, · · · , yp)
After slightly modify the proof of Theorem 2, we can conclude that
Theorem 3. Suppose that A is a unital C*-algebra and x1, · · · , xn, y1, · · · , yp, w1, · · · , wt
are self-adjoint elements in A. If C∗ (x1, · · · , xn) = C∗ (y1, · · · , yp) , then
K
(2)
top(x1, · · · , xn : w1, · · · , wt) = K
(2)
top(y1, · · · , yp : w1, · · · , wt)
Remark 4. From the definition, it is clear that
(1) K
(2)
top(x1, · · · , xn : y1, · · · , yp) ≥ K
(2)
top(x1, · · · , xn : y1, · · · yp, yp+1);
(2) If K
(2)
top(x1, · · · , xn : x1, · · · , xn+j) = 0 (j ≥ 0), then
K
(2)
top(x1, · · · , xn−1 : x1, · · · , xn+j) = 0
Let M be a von Neumann algebra with a tracial state τ, and let x1, · · · , xn
be self-adjoint elements in M. For any positive R and ε, and any m, k ∈ N, let
ΓR (x1, · · · , xn;m, k, ε; τ) be the subset ofMs.a.k (C)
n consisting of all (A1, · · · , An)
in Ms.a.k (C)
n
such that
max
1≤j≤n
‖Aj‖ ≤ R and
∣∣τk (Ai1 · · ·Aiq)− τ (xi1 · · ·xiq)∣∣ < ε,
for all 1 ≤ i1, · · · , iq ≤ n and 1 ≤ q ≤ m.
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For any ω > 0, let o2 (ΓR (x1, · · · , xn;m, k, ε; τ) , ω) be the minimal number of
ω-orbit-‖·‖2-balls inMk (C)
n
that constitute a covering of ΓR (x1, · · · , xn;m, k, ε; τ) .
Now we define, successively,
K
(2)
2 (x1, · · · , xn;ω; τ) = sup
R>0
inf
m∈N,ε>0
lim sup
k→∞
log (o2 (ΓR (x1, · · · , xn;m, k, ε; τ)))
k2
K
(2)
2 (x1, · · · , xn; τ) = lim sup
ω→0+
K
(2)
2 (x1, · · · , xn;ω; τ)
where K
(2)
2 (x1, · · · , xn; τ) is called the modified free orbit-dimension of x1, · · · , xn
with respect to the tracial state τ [11].
Remark 5. ([11]) Suppose x1, · · · , xn is a family of self-adjoint elements in a
von Neumann algebra with a tracial state τ. Let K2 (x1, · · · , xn; τ) be the upper orbit
dimension of x1, · · · , xn defined in Definition 1 of [16]. Then K
(2)
2 (x1, · · · , xn; τ) =
0 if K2 (x1, · · · , xn; τ) = 0.
2.9. MF-Traces and MF Nuclear Algebras. We note that the definition
of δtop (x1, · · · , xn) makes sense if and only if, for every ε > 0 and every r, k0 ∈ N,
there is a k ≥ ko such that
Γ(top) (x1, · · · , xn; k, ε,Q1, · · · , Qr) 6= ∅.
In [15], it has shown that this is equivalent to C∗ (x1, · · · , xn) being an MF C*-
algebra in the sense of Blackadar and Kirchberg [1]. A C*-algebra A is an MF-
algebra if A can be embedded into Π1≤k<∞Mmk (C) /
∑
1≤k<∞Mmk (C) for some
increasing sequence {mk} of positive integers. In particular C*(x1, · · · , xn) is
an MF-algebra if there is a sequence {mk} of positive integers and sequences
{A1k} , · · · , {Ank} with A1k, · · · , Ank ∈Mmk (C) such that
lim
k→∞
‖Q (A1k, · · · , Ank)‖ = ‖Q (x1, · · · , xn)‖
for every *-polynomial Q (t1, · · · , tn) .
Definition 8. ([18]) Suppose A =C∗ (x1, · · · , xn) is an MF C*-algebra A tra-
cial state τ on A is an MF-trace if there is sequence {mk} of positive integers and
sequences {A1k} , · · · , {Ank} with A1k, · · · , Ank ∈ Mmk (C) such that, for every
∗-polynomial p,
(1) limk→∞ ‖Q (A1k, · · · , Ank)‖ = ‖Q (x1, · · · , xn)‖ , and
(2) limk→∞ τmk (Q (A1k, · · · , Ank)) = τ (Q (x1, · · · , xn)) .
We let T S (A) denote the set of all tracial states on A and TMF (A) denote the
set of all MF-traces on A.
Definition 9. ([18]) A C*-algebra A =C∗ (x1, · · · , xn) is MF-nuclear if πτ (A)
′′
is hyperfinite for every τ ∈ TMF (A) where πτ is the GNS representation of A with
respect to τ.
3. Relation between K
(2)
top and K
(2)
2
Definition 10. ([11]) Suppose that A is a unital C*-algebra and T S (A) is
the set of all tracial states of A. Suppose that x1, · · · , xn is a family of self-adjoint
elements in A. Define
KK
(2)
2 (x1, · · · , xn) = sup
τ∈T S(A)
K
(2)
2 (x1, · · · , xn; τ)
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Theorem 4. ([11]) Suppose that A is a unital C*-algebra and x1, · · · , xn is
a family of self-adjoint generating elements in A. Then
K
(2)
top(x1, · · · , xn) ≤ KK
(2)
2 (x1, · · · , xn)
We can generalize the preceding theorem as follows. The proof is similar to the
proof in [11], but for completeness, we give its proof here.
Theorem 5. Let A be a unital C*-algebra and {x1, · · · , xn, y1, · · · , ym} be a
family of self-adjoint generating elements in A. Then
K
(2)
top(x1, · · · , xn : y1, · · · , ym) ≤ sup
τ∈TMF (A)
K
(2)
2 (x1, · · · , xn : y1, · · · , ym; τ)
where TMF (A) is the set of all MF-tracial states on A.
Proof. If K
(2)
top(x1, · · · , xn : y1, · · · , ym) = 0, the inequality holds automati-
cally. Assume
K
(2)
top(x1, · · · , xn : y1, · · · , ym) > α > 0,
we need to show that K
(2)
2 (x1, · · · , xn : y1, · · · , ym; τ) > α > 0 for some MF trace τ.
Let {Pr}
∞
r=1 be a family of noncommutative polynomials inC 〈X1, · · · , Xn, Y1, · · · , Ym〉
with rational coefficients. Let R > max {‖x1‖ , · · · , ‖xn‖ , ‖y1‖ , · · · , ‖ym‖} . From
the assumption that K
(2)
top(x1, · · · , xn : y1, · · · , ym) > α, it follows that there ex-
ist a positive number ω0 > 0 and a sequence of positive integers {kq}
∞
q=1 with
k1 < k2 < · · · , so that for some α′ > α
lim
q−→∞
log
(
o2
(
Γ
(top)
R
(
x1, · · · , xn : y1, · · · , ym; kq,
1
q , P1, · · · , Pq
)
, ω0
))
k2q
> α′.
Let A (n+m) be the universal unital C*-algebra generated by self-adjoint elements
a1, · · · , an, an+1, · · · , an+m
of norm R, that is the unital full free product of n + m copies of C [−R,R] . A
microstate
η = (A1, · · · , An, B1, · · · , Bm)
∈ Γ
(top)
R
(
x1, · · · , xn, y1, · · · , ym; kq,
1
q
, P1, · · · , Pq
)
= Γ (q)
define a unital *-homomorphism ϕη : A (n+m) −→ Mkq (C) so that ϕη (ai) =
Ai (1 ≤ i ≤ n) and ϕη (ai) = Bj (n+ 1 ≤ i ≤ n+m) as well as a tracial state
τη ∈ T S (A (n+m)) with τη =
Trkq ◦ϕη
kq
. Similarly there is a *-homomorphism
ϕ : A (n+m) −→ A so that
ϕ (ai) = xi (1 ≤ i ≤ n) ,
and ϕ (bj) = yj (n+ 1 ≤ i ≤ n+m) .
It is not hard to see that the weak topology on Ω = T S (A (n+m)) is induced
by the metric
d (τ1, τ2) =
∞∑
s=1
∑
i1···is∈({1,··· ,n+m})
s
(2R (n+m))
−s |(τ1 − τ2) (ti1 · · · tis)|
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where ti ∈ {a1, · · · , an+m} . Therefore Ω is a compact metric space and
Kq = {τη ∈ Ω|η ∈ Γ (q)}
is a compact subset of Ω because η −→ τη is continuous and Γ (q) is compact. Let
further K ⊆ Ω denote the compact subset (T S (A)) ◦ϕ. Given ε > 0, form the fact
that Ω is compact it follows that there is some L (ε) > 0 so that for each q ≥ 1,
Kq = K
1
q ∪ · · · ∪K
L(ε)
q
where each compact set Kjq has diameter< ε. Define
Φ :Mkq (C)⊕ · · · ⊕Mkq (C)︸ ︷︷ ︸
n+m
−→Mkq (C)⊕ · · · ⊕Mkq (C)︸ ︷︷ ︸
n
by Φ (A1, · · · , An, B1, · · · , Bm) = (A1, · · · , An) . Let
Γ (q, j) =
{
η ∈ Γ (q) |τη ∈ K
j
q
}
We have Γ (q) = Γ (q, 1) ∪ · · · ∪ Γ (q, L (ε)) . Let further Γ′ (q) denote some Γ (q, j)
such that
o2 (Φ (Γ
′ (q)) , ω0) ≥
o2 (Φ (Γ (q)) , ω0)
L (ε)
.
Thus we have limq−→∞
log(o2(Φ(Γ′(q)),ω0))
k2q
> α′. Given ε successively the values
1, 1/2, · · · , 1/s, · · · , we can find a subsequence {qs}
∞
s=1 such that the chosen set
Kjsqs ⊆ Kqs has diameter <
1
ε and the corresponding set Γ
′ (qs) satisfying
lim
q−→∞
log (o2 (Φ (Γ
′ (qs)) , ω0))
k2qs
> α′
Without loss of generality, we can assume that τ is the weak limit of some sequence(
τη(qs)
)∞
s=1
. Then τ ∈ K. In fact
|τ (Q (a1, · · · , an, b1, · · · , bm))| = lim
s−→∞
∣∣τη(qs) (Q (a1, · · · , an, b1, · · · , bm))∣∣ ,
therefore τ is an MF trace.
We can further assume that there is a subsequence
{
qs(t)
}∞
t=1
of {qs}
∞
s=1 so
that the chosen set K
js(t)
qs(t)
⊆ Kqs(t) ⊆ B
(
τ, 1t
)
, the ball of radius 1/t and center τ.
Therefore, for any m ∈ N and ε > 0, we have
Γ′
(
qs(t)
)
⊆ ΓR
(
x1, · · · , xn, y1, · · · , ym; kqs(t),m, ε; τ
)
when t is large enough. Thus Φ
(
Γ′
(
qs(t)
))
⊆ Φ
(
ΓR
(
x1, · · · , xn, y1, · · · , ym; kqs(t),m, ε; τ
))
.
Hence
K
(2)
2 (x1, · · · , xn : y1, · · · , ym; τ) ≥ K
(2)
2 (x1, · · · , xn : y1, · · · , ym;ω0; τ)
≥ lim
t−→∞
log o2
(
Φ
(
Γ′
(
qs(t)
))
, ω0
)
k2qs(t)
> α′,
and hence
K
(2)
top(x1, · · · , xn : y1, · · · , ym) ≤ sup
τ∈TMF (A)
K
(2)
2 (x1, · · · , xn : y1, · · · , ym; τ) .

Now we are ready to simplify the proof of the following theorem.
10 QIHUI LI, DON HADWIN, WEIHUA LI, AND JUNHAO SHEN
Theorem 6. ([18]) Suppose A is an MF-nuclear C*-algebra with a family of
self-adjoint generators x1, · · · , xn. Then
δtop (x1, · · · , xn) ≤ 1.
Proof. It is known that the GNS representation of an MF nuclear C*-algebra
with respect to an MF tracial state yields an injective von Neumann algebra. From
[16] and Remark 5
K
(2)
2 (x1, · · · , xn; τ) = 0 for any τ ∈ T SMF (A)
where T SMF (A) is the set of all MF tracial states of A. So, from Theorem 5, we
know that K
(2)
top (x1, · · · , xn) = 0. Hence by Theorem 3.1.2 in [11],
δtop (x1, · · · , xn) ≤ 1.

4. Topological free entropy dimension of inner quasidiagonal
C*-algebras
In this section, we will first recall the concept of inner quasidiagonal C*-algebras
which was first introduced by Blackadar and Kirchberg in [2]. After that, we are
going to analyze the topological free entropy dimension of an MF-nuclear and inner
quasidiagonal C*-algebra.
Definition 11. ([2]) If B is a C*-algebra, then a projection p ∈ B is in the socle
of B if pBp is finite-dimensional. Denote the set of such projections by socle (B) .
Proposition 1. ([2]) A C*-algebra A is inner quasidiagonal if and only if,
for any x1, · · · , xm ∈ A and ε > 0, there is a projection p ∈ socle (A∗∗) with
‖pxjp‖ > ‖xj‖ − ε and ‖pxj − xjp‖ < ε for all j.
Theorem 7. ([3]) A separable C*-algebra is inner QD if and only if it has a
separating family of quasidiagonal irreducible representations.
It is well-known that every residually finite-dimensional (RFD) C*-algebra is
inner quasidiagonal. In [18], it has shown that δtop (x1, · · · , xn) = 1 −
1
dimA in
which A = C∗ (x1, · · · , xn) is MF-nuclear and residually finite-dimensional. Next
theorem will generalize this result to inner quasidiagonal C*-algebras with finite
generators.
Theorem 8. Suppose A =C∗ (x1, · · · , xn) is MF-nuclear and inner quasidiag-
onal, then δtop (x1, · · · , xn) = 1−
1
dimA .
Proof. If dimA <∞, then A is RFD. So the conclusion is followed from
Corollary 5.4 in [18]. Now suppose dimA =∞. Since A is MF-nuclear, we have
δtop(x1, · · · , xn) ≤ 1 by Theorem 6.
Let F0 = {x1, · · · , xn} . Suppose
{1} ∪ F0 ⊆ F1 ⊆ F2⊆ · · ·
be the sequence of finite subsets of A such that ∪iFi = A. So by Theorem 7
and the property of quasidiagonal C*-algebras, we can find a increasing sequence
of projections {Pt}
∞
t=0 ∈ socle (A
∗∗) such that ‖Ptx− xPt‖ <
ε
2t and ‖PtxPt‖ >
‖x‖ − ε2t as x ∈ Ft. Note that
(Pi − Pi−1)A (Pi − Pi−1) ⊆ A
∗∗.
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Since PtA∗∗Pt = PtAPt, then
(Pi − Pi−1)A (Pi − Pi−1) = Pt ((Pi − Pi−1)A (Pi − Pi−1))Pt
⊆ PtA
∗∗Pt = PtAPt as t ≥ i.
Therefore
P0AP0 ⊕ (P1 − P0)A (P1 − P0)⊕ · · · ⊕ (Pt − Pt−1)A (Pt − Pt−1) ⊆ PtAPt
It follows that
dim (PtAPt)
≥ dim (P0AP0 ⊕ (P1 − P0)A (P1 − P0)⊕ · · · ⊕ (Pt − Pt−1)A (Pt − Pt−1))
Then dim (PtAPt)→∞ as t→∞.
Note that ‖Ptxj − xjPt‖ → 0 and ‖PtxjPt‖ → ‖xj‖ as t → ∞ for 1 ≤ j ≤ n,
so for any 0 < ε0 and r0 ∈ N, there are ε1, r1, t1 > 0 such that for every t > t1, 0 <
ε < ε1 and r > r1
Γtop1/2 (Ptx1Pt, · · · , PtxnPt; k, ε,Q1, · · · , Qr) ⊆ Γ
top
1/2(x1, · · · , xn; k, ε0, Q1, · · · , Qr0)
for every k ∈ N. Therefore for any ω > 0
sup
t>t1
inf
ε<ε1,r>r1
lim sup
k−→∞
log
(
v‖·‖
(
Γtop1/2 (Ptx1Pt, · · · , PtxnPt; k, ε,Q1, · · · , Qr) , ω
))
−k2 logω
≤ lim sup
k−→∞
log
(
v‖·‖
(
Γ
(top)
1/2 (x1, · · · , xn; k, ε0, Q1, · · · , Qr0), ω
))
−k2 logω
.
(4.1)
It is obvious that C∗(Ptx1Pt, · · · , PtxnPt) ⊆ PtAPt by the fact that Pt ∈ socle (A∗∗) .
Let dim (Pt0APt0) =Mt0 <∞. Then we can find
{
a1, · · · , aMt0
}
⊆ A such that{
Pt0a1Pt0 , · · · , Pt0aMt0Pt0
}
is a linearly independent family where Pt0aiPt0 is an element with norm 1 for every
i = 1, · · · ,Mt0 . For any ε > 0, there are polynomials
H1 (X1, · · · , Xn) , · · · , HMt0 (X1, · · · , Xn)
in X1, · · · , Xn such that
‖ai −Hi (x1, · · · , xn)‖ < ε for every 1 ≤ i ≤Mt0
It follows that
‖PtaiPt − PtHi (x1, · · · , xn)Pt‖ < ε.
Since ‖Ptxj − xjPt‖ → 0 as t→∞ for every 1 ≤ j ≤ n, then there is an integer L
such that
‖PtaiPt −Hi (Ptx1Pt, · · · , PtxnPt)‖ < L · ε for every 1 ≤ i ≤Mt0
as t > t0 big enough. Hence
‖Pt0aiPt0 − Pt0Hi (Ptx1Pt, · · · , PtxnPt)Pt0‖
= ‖Pt0PtaiPtPt0 − Pt0Hi (Ptx1Pt, · · · , PtxnPt)Pt0‖ < L · ε
Note that ε is arbitrary,
{
Pt0a1Pt0 , · · · , Pt0aMt0Pt0
}
is a linear basis of Pt0APt0
and
Pt0C
∗(Ptx1Pt, · · · , PtxnPt)Pt0 ⊆ Pt0APt0 ,
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then{
Pt0H1 (Ptx1Pt, · · · , PtxnPt)Pt0 , · · · , Pt0HMto (Ptx1Pt, · · · , PtxnPt)Pt0
}
is a linearly independent family in Pt0C
∗(Ptx1Pt, · · · , PtxnPt)Pt0 as t big enough.
Therefore
dimPt0C
∗(Ptx1Pt, · · · , PtxnPt)Pt0 =Mt0 .
It follows that, for such t,
dimC∗(Ptx1Pt, · · · , PtxnPt) ≥ dimPt0C
∗(Ptx1Pt, · · · , PtxnPt)Pt0
=Mt0 = dim (Pt0APt0)
Let Nt = dimC
∗(Ptx1Pt, · · · , PtxnPt). Then
Nt = dimC
∗(Ptx1Pt, · · · , PtxnPt)→∞
as t→∞ since Mt = dim (PtAPt)→∞ as t→∞. Note that
δtop (Ptx1Pt, · · · , PtxnPt) = 1−
1
Nt
.
Then, for every t, there exists ωt such that
1−
1
Nt − 1
≤ inf
ε,r
lim sup
k→∞
v‖·‖
(
Γtop1/2 (Ptx1Pt, · · · , PtxnPt; k, ε, p1, · · · , pr) , ωt
)
−k2 logωt
.
Then, for every t, we have
1−
1
Nt − 1
≤ inf
ε0,r0
lim sup
k→∞
v‖·‖
(
Γtop1/2(x1, · · · , xn; k, ε0, p1, · · · , pr0), ωt
)
−k2 logωt
for ε0, r0 by (4.1). Therefore
lim
t→∞
(
1−
1
Nt − 1
)
≤ lim sup
ωt
inf
ε0,r0
lim sup
k→∞
v‖·‖
(
Γtop1/2(x1, · · · , xn; k, ε0, p1, · · · , pr0), ωt
)
−k2 logω
≤ lim sup
ω→0
inf
ε0,r0
lim sup
k→∞
v‖·‖
(
Γtop1/2(x1, · · · , xn; k, ε0, p1, · · · , pr0), ω
)
−k2 logω
= δtop (x1, · · · , xn)
Hence δtop (x1, · · · , xn) = 1 = 1 −
1
dimA as dimA =∞. This completes the
proof. 
Remark 6. From [2], we know that a unital C*-algebra A = C∗ (x1, · · · , xn) is
strong NF if and only if it is nuclear and inner QD. Therefore we have the following
corollary:
Corollary 1. Let A = C∗ (x1, · · · , xn) be a strong NF C*-algebra. Then
δtop (x1, · · · , xn) = 1−
1
dimA .
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5. Definition and properties of K
(3)
top
Suppose A is a unital C*-algebra.
Let ∞·0 = 0. For any subset G ⊆ A, define
K
(3)
top(x1, · · · , xn;G)= inf
{
∞·K
(2)
top(x1, · · · , xn : y1, · · · , yt) : {y1, · · · , y} is a finite subset of G
}
,
K
(3)
top(G)= sup
E⊆G
E is finite
inf
F⊆G
F is finite
K
(3)
top(E : F )
Remark 7. When G is finite, it is not difficult to see that
K
(3)
top(x1, · · · , xn;G) =∞·K
(2)
top(x1, · · · , xn;G)
and
K
(3)
top(G) =∞·K
(2)
top(G)
The proof of the following theorem is similar to the Theorem 3.3 in [12], so we
omit it.
Theorem 9. If A is an MF-algebra, then the following are equivalent:
(1) K
(3)
top(A) = 0;
(2) if x1, · · · , xn ∈ A, then there exist y1, · · · , yt ∈ A such that K
(2)
top(x1, · · ·xn :
y1, · · · , yt) = 0;
(3) for any generating set G of A, K
(3)
top(G) = 0;
(4) there exists a generating set G of A such that K
(3)
top(G) = 0;
(5) if G is a generating set of A, and A0 is a finite subset of G, then, for any
finite subset A with A0 ⊆ A ⊆ G, there exists a finite subset B of G so
that K
(3)
top(A : B) = 0.
(6) there is an increasing directed family {Ai : i ∈ Λ} of C*-subalgebras of A
such that
(a) each Ai is countably generated;
(b) K
(3)
top(Ai) = 0;
(c) A = ∪i∈ΛAi
(7) If A is a countable subset of M, then there exists a countably generated
subalgebra B of M such that A ⊆ B and K
(3)
top(B) =0
Remark 8. If A is finite generated, then K
(3)
top (A) = 0 if
K
(2)
top (A) = 0.
Corollary 2. Suppose A is a C*-algebra, G is a generating set of A. Then
K
(3)
top (A) = K
(3)
top (G) .
Corollary 3. Suppose {Al}l∈Λ is an increasingly directed family of C*-algebras.
Then
K
(3)
top (∪Al) ≤ lim inf
l
K
(3)
top (Al) .
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Proof. If lim inf l K
(3)
top (Al) = ∞, the inequality holds clearly. Suppose that
lim inf l K
(3)
top (Al) = 0. Let x1, · · · , xn ∈ ∪Al. Then we can find a λ ∈ Λ such that
x1, · · · , xn ∈ Aλ and K
(3)
top (Al) = 0. Therefore, we can find y1, · · · , yp ∈ Aλ with
K
(3)
top (x1, · · · , xn : y1, · · · , yp) = 0.
It follows that K
(3)
top (∪Al) = 0 by Theorem 9 (6). 
We modify the K3 in [12] by using the modified free orbit dimension K
(2)
2 .
Definition 12. Let M be a von Neumann algebra with a tracial state τ, and
let x1, · · · , xn be self-adjoint elements in M. Define
K
(3)
3 (x1, · · · , xn;G)
= inf
{
∞·K
(2)
2 (x1, · · · , xn : y1, · · · , yt) : {y1, · · · , y} is a finite subset of G
}
and
K
(3)
3 (G)= sup
E⊆G
E is finite
inf
F⊆G
F is finite
K
(3)
3 (E : F )
Remark 9. Note that K3 (G) = 0, then K
(3)
3 (G) = 0 by Remark 5.
Theorem 10. Let A be an MF-algebra and G be a generating set of A. Then
K
(3)
top (G) ≤ sup
τ∈T S(A)
K
(3)
3 (G : τ)
Proof. If K
(3)
top (G) = 0, the inequality holds clearly. Now suppose K
(3)
top (G) =
∞,then there is a subset E ⊆ G such that for every finite subset F ⊆ G, K
(3)
top(E :
F ) = ∞. Therefore 0 < K
(2)
top(E : F ) ≤ ∞ for every finite subset F ⊆ G. Let F
be an arbitrary finite subset of G. Then we can find a sequence {Fi}
∞
i=1 of finite
subset of G with
F = F0 ⊆ F1 ⊆ · · ·
and ∪iFi = G. Hence
C∗ (E ∪ F0) ⊆ C
∗ (E ∪ F1) ⊆ · · ·
and
∪iC∗ (E ∪ Fi)
‖·‖
= A.
Now for each i, K
(2)
top(E : Fi) > 0. So by Theorem 5, we may find a tracial
state τi on C
∗ (E ∪ Fi) such that
K
(2)
2 (E : Fi; τi) ≥ K
(2)
top(E : Fi)− εi > 0
for some small εi > 0 for each i ∈ N. If we regard C∗ (E ∪ F0) as a subalgebra of
C∗ (E ∪ Fi) for every i ≥ 1, then
(5.1) K
(2)
2 (E : F0 : τi) ≥ K
(2)
2 (E : Fi; τi) > 0 for every i ∈ N.
Let
π : ∪iC∗ (E ∪ Fi)
‖·‖
−→ Πi∈NC
∗ (E ∪ Fi) /Σi∈NC
∗ (E ∪ Fi)
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be the embedding defined by
π (A) = (0, · · · , 0,︸ ︷︷ ︸
the first i positions
A,A, · · · ) for every A ∈ C∗ (E ∪ Fi) .
and τ˜ be the tracial state define by τ˜ ([Ai]i) = limi−→α τi(Ai) on
Πi∈NC
∗ (E ∪ Fi) /Σi∈NC
∗ (E ∪ Fi)
where α is a free ultrafilter. Define τ = τ˜ ◦ π, then τ is a tracial state on A. Note
for any finite subset G of G, we can always find a suitable index i such that
G ⊆ Fi ⊆ Fi+1 ⊆ · · · .
Therefore τ˜ is irrelevant to the selection of finite subset F = F0, so is τ. Let {εt}
be a decreasing sequence of positive number with limt→∞ εt = 0 and {mt}
∞
t=1 be
an increasing sequence of integers with limt→∞mt = ∞. Then, for every R > 0,
we can find a subsequence {it}
∞
t=1 of integers such that when ε is small enough and
m is big enough, we always have
ΓR (E : F0; k, ε,m; τit) ⊆ ΓR (E : F0; k, εt,mt; τ) .
It implies that, for any ω > 0,
inf
ε,m
lim sup
k→∞
log (o2 (ΓR (E : F0; k, ε,m; τit) , ω))
k2
≤ lim sup
k→∞
log (o2 (ΓR (E : F0; k, εt,mt; τ) , ω))
k2
,
it follows that
lim sup
t→∞
inf
ε,m
lim sup
k→∞
log (o2 (ΓR (E : F0; k, ε,m; τit) , ω))
k2
≤ lim sup
t→∞
lim sup
k→∞
log (o2 (ΓR (E : F0; k, εt,mt; τ) , ω))
k2
,
Therefore we can find an index t0 such that
0 < K
(2)
2 (E : F0 : τit0 ) = sup
0<ω<1
sup
R>0
inf
ε,m
lim sup
k→∞
log
(
o2
(
ΓR
(
E : F0; k, ε,m; τit0
)
, ω
))
k2
≤ sup
0<ω<1
sup
R>0
lim sup
t→∞
inf
ε,m
lim sup
k→∞
log (o2 (ΓR (E : F0; k, ε,m; τit) , ω))
k2
≤ sup
0<ω<1
sup
R>0
lim sup
t→∞
lim sup
k→∞
log (o2 (ΓR (E : F0; k, εt,mt; τ) , ω))
k2
= sup
0<ω<1
sup
R>0
inf
εt,mt
lim sup
k→∞
log (o2 (ΓR (E : F0; k, εt,mt; τ) , ω))
k2
= K
(2)
2 (E : F0 : τ)
Note that F0 = F is an arbitrary subset of G. It implies that
K
(3)
3 (G : τ) = sup
E⊆G
E is finite
inf
F⊆G
F is finite
K
(3)
3 (E : F ; τ)
= sup
E⊆G
E is finite
inf
F⊆G
F is finite
{
∞·K
(2)
2 (E : F : τ)
}
=∞.
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It follows that
K
(3)
top (G) ≤ sup
τ∈T S(A)
K
(3)
3 (G : τ).

Lemma 1. ([15]) Suppose x is a self-adjoint element in a unital C*-algebra
A. Let σ(x) be the spectrum of x in A and R > ‖x‖ . For any ε > 0, we have the
following results.
(1) There are some integer n ≥ 1 and distinct real numbers λ1, · · · , λn in
σ (x) satisfying
(a) |λi − λj | ≥ ω for all 1 ≤ i 6= j ≤ n; and
(b) for any λ ∈ σ (x) , there is some λj with 1 ≤ j ≤ n such that
|λ− λj | ≤ ω.
(2) There is some r0 ∈ N such that the following holds: when r ≥ r0 for
any k ∈ N and any A ∈ Γ
(top)
R
(
x; k, r, 1r
)
, there are positive integers 1 ≤
k1, · · · , kn ≤ k with k1 + · · · + kn = k and a unitary matrix U ∈ U (k)
satisfying∥∥∥∥∥∥∥∥∥
U∗AU −


λ1Ik1 0 0 0
0 λ2Ik2 0 0
0 0
. . . 0
0 0 0 λnIkn


∥∥∥∥∥∥∥∥∥
≤ 2ω
where Ikj is the kj × kj identity matrix in Mkj (C) for 1 ≤ j ≤ n.
Lemma 2. ([8]) If B is the unit ball in Rm, then, with respect to the Euclidean
metric (
1
ω
)m
≤ v (B, ω) ≤
(
3
ω
)m
Lemma 3. Let {λ1, · · · , λk} ⊆ [0, 1] with λ1 =
1
2k and |λi − λi+1| =
1
k for
i = 1, · · · , k−1. Assume D1 and D2 are diagonal matrices in Mk (C) with diagonal
entries are all from {λ1, · · · , λk} without repetition. For every δ > 0, let
Ω(D1, D2; δ) = {U ∈ U (k) | ‖UD1 −D2U‖2 ≤ δ} .
Then, for every 0 < δ < r, there exists a set
{
Ball
(
Uλ;
4δ
r
)}
λ∈Λ
of 4δr -balls in U (k)
that cover Ω(D1, D2; δ) with the cardinality of Λ satisfying |Λ| ≤
(
3r
2δ
)4rk2
Proof. Let D = diag (λ1, · · · , λk) . Then there existW1,W2 ∈ U (k) such that
D1 =W1DW
∗
1 and D2 =W2DW
∗
2 . Let
Ω˜(δ) = {U ∈ U (k) | ‖UD −DU‖2 ≤ δ} .
Clearly
Ω(D1, D2; δ) =
{
W ∗2UW1|U ∈ Ω˜(δ)
}
,
hence Ω˜(δ) and Ω(D1, D2; δ) have the same covering numbers.
Let {est}
k
s,t=1 be the canonical system of matrix units of Mk (C) . Let
S1 = span {est : |λs − λt| < r} ,S2 =Mk (C)⊖ S1.
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For every U =
∑k
s,t=1 xstest in Ω˜(δ), with xst ∈ C, let T1 =
∑
est∈S1
xstest and
T2 =
∑
est∈S2
xstest ∈ S2. But
δ2 ≥ ‖UD −DU‖22 =
k∑
s,t=1
|(λs − λt)xst|
2 ≥
∑
est∈S2
|(λs − λt)xst|
2
≥ r2
∑
est∈S2
|xst|
2 = r2 ‖T2‖
2
2 .
Hence ‖T2‖2 ≤
δ
r .
Suppose λ ∈ [0, 1]. The number of the points in {λ1, · · · , λk} which lie inside
the interval (λ− r, λ+ r) is at most the cardinality m 6= 0 of (λ− r, λ+ r) ∩ 1kZ.
Then 1k ≤ 2r, this interval contains at least one point in
1
kZ, and an interval of
length 4r should contain at least m + 1 such consecutive points. Hence 4r should
be at least the length of the interval defined by m+1( i.e., m 1k ) consecutive points
in 1kZ, i.e., m
1
k ≤ 4r. It follows that dimR S1 ≤ 4rk
2. Note that ‖T1‖2 ≤ ‖U‖2 = 1.
Then Ω˜(δ) can be covered by a set
{
Ball
(
Aλ; 2δr
)}
λ∈Λ
of 2δr -balls in Mk (C) with
|Λ| ≤
(
3r
2δ
)4rk2
by Lemma 2. Because Ω˜(δ) ⊆ U (k) , after replacing Aλ by a unitary
Uλ in Ball
(
Aλ, 2δr
)
, we obtain that the set
{
Ball
(
Uλ;
4δ
r
)}
λ∈Λ
of 4δr -balls in U (k)
that cover Ω˜(δ) with the cardinality of Λ satisfying |Λ| ≤
(
3r
2δ
)4rk2
. The same result
holds for Ω(D1, D2; δ). 
The following lemma can be found in [8]:
Lemma 4. Suppose A is a normal element in a von Neumann algebra M with
tracial state τ such that A has no eigenvalues. Then there is a positive element Y
with the uniform distribution on [0, 1] such that W ∗ (A) =W ∗ (Y ) .
Remark 10. It is well-known that every selfadjoint element of a finite von
Neumann algebra M has an eigenvalue if and only if M has a finite-dimensional
invariant subspace.
Lemma 5. Let x1, · · · , xn, y1, · · · , yp, v1, · · · , vs, w1, · · · , wt be elements in an
MF C*-algebra A. If C*(x1, · · · , xn) ∩ C∗ (y1, · · · , yp) has no finite-dimensional
representations, then
K
(3)
top (x1, · · · , xn, y1, · · · , yp : v1, · · · , vs, w1, · · · , wt)
≤ K
(3)
top (x1, · · · , xn : v1, · · · , vs) + K
(3)
top (y1, · · · , yp : w1, · · · , wt)
Proof. Without loss of generality, we may assume that ‖xi‖ ≤ 1 and ‖yj‖ ≤ 1
for each 1 ≤ i ≤ n and 1 ≤ j ≤ p. If one of K
(3)
top (x1, · · · , xn : v1, · · · , vs) and
K
(3)
top (y1, · · · , yp : w1, · · · , wt) is infinity, then we are done. Now suppose
K
(3)
top (x1, · · · , xn : v1, · · · , vs) = K
(3)
top (y1, · · · , yp : w1, · · · , wt) = 0.
Let τ be a trace on C∗ (x1, · · · , xn, y1, · · · , yp, v1, · · · , vs, w1, · · · , wt) . Let (π,M, e)
denote the GNS construction for τ, i.e., π : A −→ B (M) is a unital *-homomorphism
with unit cyclic vector e, such that, for every a ∈ A, we have τ(a) = (π(a)e, e).
Note the state ρ defined by ρ (a) = (π(a)e, e) is faithful on
π (C∗ (x1, · · · , xn) ∩ C
∗ (y1, · · · , yp))
′′
,
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so π (C∗ (x1, · · · , xn) ∩ C∗ (y1, · · · , yp))
′′
is finite. Since C*(x1, · · · , xn)∩C∗ (y1, · · · , yp)
has no finite-dimensional representation,
π (C∗ (x1, · · · , xn) ∩ C
∗ (y1, · · · , yp))
′′
has no non-zero finite-dimensional invariant subspace. Hence there is an
a = a∗ ∈ π (C∗ (x1, · · · , xn) ∩ C
∗ (y1, · · · , yp))
′′
such that a has no eigenvalues by Remark 10. Let {ak} be a sequence of self-
adjoint elements in π (C∗ (x1, · · · , xn) ∩ C∗ (y1, · · · , yp)) with ak → a in the ∗-
strong operator topology. Then Voiculescu ([26]) proved that
1 = δ0(a, ρ) ≤ lim inf
k→∞
δ0(ak, ρ) = lim inf
k→∞

1− ∑
t is an eigenvalue of a
ρ (Pt)
2


where δ0 is the free entropy dimension for von Neumann algebras. So we can find
a self-adjoint element ak ∈ π (C∗ (x1, · · · , xn) ∩ C∗ (y1, · · · , yp)) satisfying that ak
has no eigenvalues. Therefore there is an interval [α, β] such that [α, β] ⊆ σ (ak) . Let
b be a self-adjoint element in C∗ (x1, · · · , xn)∩C∗ (y1, · · · , yp) satisfying π (b) = ak.
Then [α, β] ⊆ σ (b). Define a continuous function
f(t) =


0 , - ‖b‖ ≤ x < α
x−α
β−α α ≤ x ≤ β
1 β < x ≤ ‖b‖
over [−‖b‖ , ‖b‖]. Then σ (f(b)) = [0, 1] and
f (b) ∈ C∗ (x1, · · · , xn) ∩C
∗ (y1, · · · , yp) .
Denote d = f(b). If
(A1, · · · , An, B1, · · · , Bp, D)
∈ Γ(top)(x1, · · · , xn, y1, · · · , yp, d : v1, · · · , vs, w1, · · · , wt;P1, · · · , Pm, k, ε),
then
(A1, · · · , An, D) ∈ Γ
(top)(x1, · · · , xn, d : v1, · · · , vs, w1, · · · , wt;P
′
1, · · · , P
′
m1 , k, ε)
(B1, · · · , Bp, D) ∈ Γ
(top)
(
y1, · · · , yp, d : v1, · · · , vs, w1, · · · , wt;P
′′
1 , · · · , P
′′
m2 , k, ε
)
where P ′1, · · · , P
′
m1 ∈ C〈X1, · · · , Xn+1, V1, · · · , Vs,W1, · · · ,Wt〉 and P
′′
1 , · · · , P
′′
m2 ∈
C〈Y1, · · · , Yp+1, V1, · · · , Vs,W1, · · · ,Wt〉. Let
{
U(Aλ1 , · · · , A
λ
n, D
λ); rω24
}
λ∈Λk
be a
set of rω24 -orbit-balls that cover
Γ(top)(x1, · · · , xn, d : v1, · · · , vs, w1, · · · , wt; k, ε, P
′
1, · · · , P
′
m1)
with the cardinality of Λk satisfying
|Λk| = o2
(
Γ(top)(x1, · · · , xn, d : v1, · · · , vs, w1, · · · , wt; k, ε, P
′
1, · · · , P
′
m1);
rω
24
)
.
Also let
{
U(Bσ1 , · · · , B
σ
n , D
σ); rω24
}
σ∈Σk
be a set of rω24 -orbit-balls that cover
ΓR
(
y1, · · · , yp, d : v1, · · · , vs, w1, · · · , wt; k, ε, P
′′
1 , · · · , P
′′
m2
)
with the cardinality of Σk satisfying
|Σk| = o2
(
ΓR
(
y1, · · · , yp, d : v1, · · · , vs, w1, · · · , wt; k, ε, P
′′
1 , · · · , P
′′
m2
)
;
rω
24
)
.
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When m is sufficiently large and ε is sufficiently small, we may assume that all
Dσ, Dλ are diagonal matrices in Lemma 3 by Lemma 1. For any
(A1, · · · , An, B1, · · · , Bp, D)
∈ ΓR (x1, · · · , xn, y1, · · · , yp, d : v1, · · · , vs, w1, · · · , wt;P1, · · · , Pm, k, ε) ,
there exist some λ ∈ Λk, σ ∈ Σk and W1,W2 ∈ Uk such that∥∥(A1, · · · , An, D)−W1 (Aλ1 , · · · , Aλn, Dλ)W ∗1 ∥∥2 ≤ rω24 ,∥∥(B1, · · · , Bp, D)−W2 (Bσ1 , · · · , Bσp , Dσ)W ∗2 ∥∥2 ≤ rω24 .
Therefore ∥∥W1DλW ∗1 −W2DσW ∗2 ∥∥2 = ∥∥W ∗2W1Dλ −DσW ∗2W1∥∥2 ≤ rω12 .
From Lemma 3, there exists a set
{
Ball
(
Uλ,σ,γ ,
ω
3
)}
γ∈∆k
in U (k) which cover
Ω
(
Dλ, Dσ; rω12
)
with cardinality |∆k| ≤
(
18
ω
)4rk2
. This implies that
|| (A1, · · · , An, B1, · · · , Bp, D)
−
(
W2Uλ,σ,γA
λ
1U
∗
λ,σ,γW
∗
2 , · · · ,W2Uλ,σ,γA
λ
nU
∗
λ,σ,γW
∗
2 ,W2B
σ
1W
∗
2 , · · · ,W2B
σ
pW
∗
2
)
||2 < nω
Then we get
K
(top)
3 (x1, · · · , xn, y1, · · · , yp, u : v1, · · · , vs, w1, · · · , wt; 2nω)
≤ inf
m∈N,ε>0
lim sup
k−→∞
log (|Λk| |Σk| |∆k|)
k2
≤ 4r (log (18)− logω)
Because r is an arbitrarily small number, we have
K
(top)
3 (x1, · · · , xn, y1, · · · , yp, d : v1, · · · , vs, w1, · · · , wt) = 0.
Note that C∗ (x1, · · · , xn, y1, · · · , yp, d) = C
∗ (x1, · · · , xn, y1, · · · , yp) , so by Theo-
rem 3, we have
K
(top)
3 (x1, · · · , xn, y1, · · · , yp : v1, · · · , vs, w1, · · · , wt) = 0.
This completes the proof. 
Theorem 11. Suppose A is a C*-algebra, N1 and N2 are C*-subalgebra of A.
If N1 ∩N2 is has no finite-dimensional representation, then
K
(top)
3 (C
∗ (N1 ∪ N2)) ≤ K
(top)
3 (N1) + K
(top)
3 (N2)
Proof. If one of K
(top)
3 (N1) and K
(top)
3 (N2) is infinity, the inequality holds
automatically.
Now suppose that
K
(top)
3 (N1) = K
(top)
3 (N2) = 0.
By the same argument in the first part proof of Lemma 5, we can find a self-
adjoint element d in N1 ∩ N2 with σ (d) = [0, 1]. Let G = N 1 ∪ N2 and A0 = {d} .
Then G is a generating set of C∗ (N1 ∪ N2). Suppose A0 ⊆ A ⊆ G where A =
{x1, · · · , xn, d, y1, · · · , yp} is a finite subset with x1, · · · , xn ∈ N1 and y1, · · · , yp ∈
N2. Since K
(top)
3 (N1) = K
(top)
3 (N2) = 0, there exists
v1, · · · , vs ∈ N1, w1, · · · , wt ∈ N2
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such that
K
(top)
2 (x1, · · · , xn, d : v1, · · · , vs) = K
(top)
2 (y1, · · · , yt, d : w1, · · · , wt) = 0.
Because d ∈ C∗ (x1, · · · , xn, d) ∩ C∗ (y1, · · · , yp, d) , then from Lemma 5, we know
that
K
(top)
3 (A : v1, · · · , vs, w1, · · · , wt)
= K
(top)
3 (x1, · · · , xn, y1, · · · , yp, d : v1, · · · , vs, w1, · · · , wt) = 0
Therefore, by Theorem 9 (5), K
(top)
3 (C
∗ (N1 ∪ N2)) = 0. This completes the proof.

Theorem 12. Let N be an MF C*-algebra and A ⊆ N be a C*-subalgebra such
that A has a self-adjoint element a with σ (a) = [0, 1]. If there is an unitary u ∈ N
such that u∗au ⊆ A. Then
K
(top)
3 (C
∗ (A ∪ {u})) ≤ K
(top)
3 (A)
Proof. If K
(top)
3 (A) = ∞, we are done. Now suppose that K
(top)
3 (A) = 0.Let
x1, · · · , xn, a, u∗au be elements in A. Then there exist y1, · · · , yp in A such that
K
(top)
2 (x1, · · · , xn, a, u
∗au : y1, · · · , yp) = 0.
For any 0 < ω < 1, 0 < r < 1,m, k ∈ N and ε > 0, there exists a set{
U
(
T λ1 , · · · , T
λ
n , A
λ, Bλ;
rω
64
)}
λ∈Λk
of rω64 -orbit-balls in Mk (C)
n+2
that cover
Γ(top) (x1, · · · , xn, a, u
∗au : y1, · · · , yp : k, ε, P1, · · · , Pm)
where P1, · · · , Pm ∈ C〈X1, · · · , Xn+2, Y1, · · · , Yp〉 with the cardinality of Λk satis-
fying
|Λk| = o2
(
Γ(top) (x1, · · · , xn, a, u
∗au : y1, · · · , yp; k, ε, P1, · · · , Pm) ,
rω
64
)
.
When m is sufficiently large and ε is sufficiently small, we can assume that Aλ is
in the form in Lemma 3, and Bλ = U∗AλU for some unitary matrix U.
For sufficiently large m′ and sufficiently small ε
(
≤ rω64
)
, when
(T1, · · · , Tn, A,B,C,D)
∈ Γ(top)
(
x1, · · · , xn, a, u
∗au,
u+ u∗
2
,
u− u∗
2i
: y1, · · · , yp;P
′
1, · · · , P
′
m′ , k, ε
)
.
where P ′1, · · · , P
′
m′ ∈ C〈X1, · · · , Xn+4, Y1, · · · , Yp〉. We may assume that ‖C + iD‖ ≤
3
2 as m
′ large enough and ε small enough. In addition, it is clear that
‖A (C + iD)− (C + iD)B‖ ≤ ε
and
(T1, · · · , Tn, A,B) ∈ Γ
(top) (x1, · · · , xn, a, u
∗au : y1, · · · , yp; k, ε, P1, · · · , Pm) .
for some m. So there exists some λ ∈ Λk and V ∈ Uk such that∥∥(T1, · · · , Tn, A,B)− (V T λ1 V ∗, · · · , V T λnV ∗, V AλV ∗, V BλV ∗)∥∥2 ≤ rω64 .
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By Lemma 3, Ball
(
Uλ; ω2
)
of ω2 -balls in U (k) that cover Ω
(
Aλ, Bλ, rω8
)
with the
cardinality of Σk satisfying |Σk| ≤
(
12
ω
)4rk2
. Since
‖A (C + iD)− (C + iD)B‖2
≤ ‖A (C + iD)− (C + iD)B‖2
≤ ‖A (C + iD)− (C + iD)B‖ ≤ ε ≤
rω
64
,
Then ∥∥V ∗ (C + iD)V Aλ −BλV ∗ (C + iD)V ∥∥
2
=
∥∥(C + iD)V AλV ∗ − V BλV ∗ (C + iD)∥∥
2
≤
rω
16
.
Since C + iD is very close to a unitary, then we may find an unitary Uλ ∈
Ω
(
Aλ, Bλ, rω8
)
such that ∥∥V ∗ (C + iD)V − Uλ∥∥
2
<
rω
4
.
It implies that∥∥∥∥(T1, · · · , Tn, C,D)−
(
V T λ1 V
∗, · · · , V T λnV
∗, V
Uλ + Uλ∗
2
V ∗, V
Uλ − Uλ∗
2i
V ∗
)∥∥∥∥
2
≤ rω
Therefore
o2
(
Γ(top)
(
x1, · · · , xn,
u+ u∗
2
,
u− u∗
2i
: a, uau∗, y1 · · · , yp; k, ε, P1, · · · , Pm
)
, ω
)
≤ |Λk| |Σk|
Hence, we get
0 ≤ K
(top)
2
(
x1, · · · , xn,
u+ u∗
2
,
u− u∗
2i
: a, uau∗, y1 · · · , yp, ω
)
≤ inf
m∈N,ε>0
lim sup
k−→∞
log (|Λk| |Σk|)
k2
≤ inf
m∈N,ε>0
lim sup
k−→∞
(
log (|Λk|)
k2
+ 4r(log 12− logω)
)
= 4r(log 12− logω)
Since r is an arbitrarily small positive number, we have
K
(top)
2
(
x1, · · · , xn,
u+ u∗
2
,
u− u∗
2i
: a, uau∗, y1 · · · , yp, ω
)
= 0.
Therefore
K
(top)
3
(
x1, · · · , xn,
u+ u∗
2
,
u− u∗
2i
: a, uau∗, y1 · · · , yp
)
= 0.
Hence
K
(top)
3 (C
∗ (A∪{u})) = 0.

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Theorem 13. Let N be an MF C*-algebra and A ⊆ N be a C*-subalgebra
where A has no finite-dimensional representations. If there is an unitary u ∈ N
such that uAu∗ ⊆ A for some . Then
K
(top)
3 (C
∗ (A ∪ {u})) ≤ K
(top)
3 (A)
Proof. If K
(top)
3 (A) =∞, the inequality is clear. Now suppose that K
(top)
3 (A) =
0. Same as the first part proof of Lemma 5, we can find an element a ∈ A satisfying
σ (a) = [0, 1]. Then the inequality holds by Theorem 12. 
Corollary 4. Suppose A is a unital MF algebra with no finite-dimensional
representations and B is a unital MF algebra. Suppose G is a countable group
of actions {αg}g∈G on A. Suppose D = A⋊αG is either a full or reduced crossed
product of A by the actions of G. If there is a onto *-homomorphism π : A⋊αG −→
B, then
K
(top)
3 (B) ≤ K
(top)
3 (A) .
Proof. Since A has no finite-dimensional representations, then π (A) has no
finite-dimensional representations. Therefore, we can find an element π (a) ∈ π (A)
with σ (π (a)) = [0, 1]. Note that π
(
g−1
)
π (a)π (g) ⊆ π (A) , then by Theorem 13,
K
(top)
3 (π (A) ∪ {π (g)}) = 0. From Theorem 11, we know that
K
(top)
3 (π (A) ∪ {π (g1)} ∪ {π (g2)}) = 0.
Let
Bn = C
∗ (π (A) ∪ {π (g1)} ∪ · · · ∪ {π (gn)}) .
Then K
(top)
3 (Bn) = 0.
Therefore
K
(top)
3 (B) = lim infn
K
(top)
3 (Bn) = 0
by the fact that B =∪Bn
‖·‖
and Corollary 3. 
6. Applications to Central Sequence Algebras
In [19] Weihua Li and Junhao Shen proved that a separable approximately
divisible C*-algebra A is singly generated and that if A = C∗ (x1, . . . , xn) is an
MF-algebra, then
δtop (x1, . . . , xn) = 1.
Later Li and Shen [20] proved that if A is an approximately divisible unital C*-
algebra, then Pisier’s similarity degree d (A) is at most 5. After that Don Hadwin
and Weihua Li [13] defined the larger class of weakly approximately divisible C*-
algebras and proved for these algebras the similarity degree is at most 5. More
recently, Wenhua Qian and Junhao Shen [21] defined the still larger class of C*-
algebras with property c*-Γ and proved that the similarity degree is at most 3.
In this section we want to view these results in terms of the central sequence
algebra of a separable unital C*-algebra A. Let cω (A) denote the closed two-sided
ideal of the C*-algebra l∞ (A) given by
cω (A) =
{
(an)n≥1 ∈ l
∞ (A) | lim
n−→ω
‖an‖ = 0
}
.
The ultrapower Aω is defined to be the quotient C*-algebra l∞ (A) /cω (A) , and
we denote by πω the quotient mapping l
∞ (A) −→ Aω . Let l : A −→ l
∞ (A)
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denote the ”diagonal” inclusion mapping l (a) = (a, a, · · · ) ∈ l∞ (A) , a ∈ A; and
put lω = πω ◦ l : A −→ Aω. Both mapping l and lω are injective. If we view A
as a subalgebra of Aω , then the relative commutant is defined by Aω ∩ A′ which
is called a central sequence algebra of A. Suppose τ is a tracial state on A and
N is the weak closure of A in the GNS representation determined by τ . The
algebra Nω := l∞ (N ) /cτ,ω (N ) (with cτ,ω (N ) the bounded sequences in N with
limω ‖a‖2,τ = 0) is a W*-algebra when ω is a free ultrafilter.
If M is a II1 factor, then M has property Γ if and only if Mω ∩M′ has a
representing sequence (U1, U2, . . .) such that each Un is a Haar unitary element of
M (i.e., τ (Un) = 0 for all n ∈ N). If M is a II1 von Neumann algebra with a
separable predual, then M is defined in [21] to have property Γ if and only if each
II1 factor in the central decomposition ofM has property Γ. It follows from direct
integral theory that if M has property Γ, then Mω ∩M′ contains a representing
sequence of Haar unitaries. The following Theorem duo to Dixmier [7] and Connes
[5].
Theorem 14. Let M be a separable II1 factor. The following conditions are
equivalent:
(1) M has property Γ;
(2) Mω ∩M′ 6= CI;
(3) Mω ∩M′ is a diffuse von Neumann algebra.
let πτ (A)
′′
be the weak closure of A under the GNS representation of A with
respect to the state τ.
In [21], a separable unital C*-algebra is said to have property c*-Γ if, for every
tracial state τ on A such that πτ (A)
′′ is a II1 factor, πτ (A)
′′ has property Γ,
which is equivalent to πτ (A)
′′ having property Γ whenever πτ (A)
′′ is a II1 von
Neumann algebra. If A has no finite-dimensional representations, then so does
πτ (A)
′′
. Therefore πτ (A)
′′
is II1 for every tracial state τ on A. So if A has no
finite-dimensional representations and property c*-Γ, then πτ (A)
′′
has property Γ
for every tracial state τ on A. Actually we can say more in this case.
Lemma 6. Suppose A is a separable unital C*-algebra having no finite-dimensional
representations. Then A has property c*-Γ if and only if for every tracial state τ
on A, the central sequence algebra of πτ (A)
′′ has no finite-dimensional representa-
tions.
Proof. If A has property c*-Γ , then πτ (A)
′′
has property Γ for every tracial
state τ on A. So the central sequence algebra of each II1 factor in the central
decomposition of πτ (A)
′′
has no finite-dimensional representations by Theorem 14.
On the other hand, if the central sequence algebra of πτ (A)
′′
has no finite-
dimensional representations for every tracial state, then the central sequence algebra
of each II1 factor in the central decomposition of πτ (A)
′′ has no finite-dimensional
representations. So by Theorem 14, A has property c*-Γ 
Remark 11. Let A be a separable unital C*-algebra, let τ be a tracial state on
A, let N be the weak closure of A under the GNS representation of A with respect
to the state τ, and let ω be a free ultrafilter on N. It follows that there are the
following two natural *-homomorphisms
Aω −→ N
ω, Aω ∩ A
′ −→ Nω ∩ N ′.
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Lemma 7. ([23])Let A be a separable unital C*-algebra, let τ be a faithful
tracial state on A, let N be the weak closure of A under the GNS representation of
A with respect to the state τ, and let ω be a free ultrafilter on N. It follows that the
natural *-homomorphisms
Aω −→ N
ω , Aω ∩ A
′ −→ Nω ∩N ′
are surjective.
We say that an MF algebra A with no finite-dimensional representations has
property MF-c*-Γ if, for every MF-trace τ on A, the central sequence algebra(
πτ (A)
′′)ω ∩ πτ (A)′ has no finite-dimensional representations, i.e., πτ (A)′′ has
property Γ.
Theorem 15. ([12]) If M is a von Neumann algebra with a central net of
Haar unitaries, then K3 (M) = 0.
Theorem 16. Let A be a unital MF C*-algebra with no finite-dimensional
representations. If A has property c*-Γ, then K
(top)
3 (A) = 0.
Proof. Let N =πτ (A)
′′
be the weak closure of A under the GNS representa-
tion of A with respect to the tracial state τ. Since A has property c*-Γ, then there
is a central sequence {un} of Haar unitaries in N such that [{un}] = u ∈ Nω ∩N ′.
If follows that K3 (A; τ) = 0 by Theorem 15. Hence K
(3)
3 (A; τ) = 0 by Remark 9.
Since
K
(3)
top(A) ≤ sup
τ∈TS(A)
K
(3)
3 (A; τ) = 0,
by Theorem 10, then K
(3)
top (A) = 0. 
Corollary 5. Let A be an MF algebra with no finite-dimensional represen-
tations. Suppose each tracial state on A is faithful. If Aω ∩ A′ has no finite-
dimensional representations, then K
(3)
top (A) = 0.
Proof. let N be the weak closure of A under the GNS representation of A
with respect to the tracial state τ. Since τ is faithful, the natural *-homomorphisms
Aω ∩A
′ −→ Nω ∩ N ′
is surjective by Lemma 7. It follows that Nω ∩ N ′ has no finite-dimensional rep-
resentation, hence A has property c*-Γ by Lemma 6. Therefore K
(3)
top (A) = 0 by
Theorem 16. 
Corollary 6. Let A = C∗ (x1, x2, . . . , xn) be a unital MF C*-algebra with no
finite-dimensional representations. If A has property MF-c*-Γ, then K
(3)
top (A) = 0.
Proof. Let N =πτ (A)
′′
be the weak closure of A under the GNS representa-
tion of A with respect to the tracial state τ. Since A has property MF-c*-Γ, Nω∩N ′
has no finite-dimensional representation. Then there is a central sequence {un} of
Haar unitaries in N such that [{un}] = u ∈ Nω ∩ N ′. If follows that K3 (A; τ) = 0
by Theorem 15. Hence K
(3)
3 (A; τ) = 0 by Remark 9. It implies that K
(2)
2 (A; τ) = 0
for every MF tracial state τ. Note
K
(2)
top(A) ≤ sup
τ∈TMF (A)
K
(2)
2 (A; τ) = 0,
by Theorem 5, then K
(3)
top (A) = 0 by Remark 8. 
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Remark 12. We don’t know whether property MF-c*-Γ is equivalent to K
(3)
top (A) =
0 in which A = C∗ (x1, x2, . . . , xn) has no finite-dimensional representations. But
it is well-known that C∗r (F2) is simple, hence C
∗
r (F2) has no finite-dimensional
representation. And it is obvious that C∗r (F2) has no property MF-c*-Γ, so we may
hope K
(3)
top (C
∗
r (F2)) = ∞, i.e.,K
(2)
top (C
∗
r (F2)) 6= 0. Actually, Voiculescu [24] proved
that δtop (S1, S2) = 2, where S1 and S2 are free semicircle elements. Therefore
K
(2)
top (C
∗
r (F2)) 6= 0 by Theorem 3.1.2 in [11].
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